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Within the theory of linear magnetoelectroelasticity, the fracture analysis of a magneto-electrically
dielectric Grifﬁth crack embedded in a magnetoelectroelastic layer is investigated under in-plane mag-
neto-electro-mechanical loadings. The semi-permeable crack-face magnetoelectric boundary conditions
are utilized to simulate the case of an opening dielectric crack. Applying the Fourier transform technique,
the boundary-value problem is reduced to solving three coupling singular integral equations. Field inten-
sity factors of stress, electric displacement, magnetic induction and crack opening displacement (COD)
are further determined by the Lobatto-Chebyshev collocation method. The electric displacement and
magnetic induction of crack interior are discussed in detail. The obtained results reveal that the magne-
toelectric ﬁeld inside the crack is dependent on the material properties, applied loadings, the dielectric
permeability of crack interior, and the ratio of the crack length and the layer width. Numerical compu-
tations are carried out to present that the volume fraction of piezoelectric phase in BaTiO3—CoFe2O4 com-
posites has great inﬂuences on the magnetoelectric ﬁeld inside the dielectric crack. Based on the COD
intensity factor, the analysis for the growth of a dielectric crack in a magnetoelectroelastic layer is exam-
ined. The proposed procedure can be reduced to dealing with the case of a dielectric crack in a piezoelec-
tric layer and the obtained results can be veriﬁed by the experimental observations.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Due to the intrinsic magneto-electro-mechanical coupling ef-
fects (Zheng et al., 2004) and the potential applications as smart
devices (Nan et al., 2008) of two-phase magnetostrictive/piezo-
electric composites, the analysis of magnetoelectroelastic behavior
of magnetoelectric materials has become an area of increasing
interest, such as Huang and Kuo (1997), Pan (2001), Buchanan
(2004), Chen et al. (2005), Annigeri et al. (2006), Bhangale and Gan-
esan (2006), Lee and Ma (2007), Calas et al. (2008), and Hou et al.
(2009). Here it is specially noted that the fracture mechanics of
magnetoelectroelastic materials have attracted much attention
and many research papers have been published (see, e.g. Liu
et al., 2001; Sih and Song, 2003; Gao et al., 2003; Zhou et al.,
2004; Hu and Li, 2005; Tian and Gabbert, 2005; Li, 2005; Wang
and Mai, 2006; Li and Kardomateas, 2007; Feng et al., 2007a; Tian
and Rajapakse, 2008; Zhao and Fan, 2008; among others).
For the fracture analysis of a magnetoelectroelastic solid, of
much interest are the effects of magnetoelectric boundary condi-
tions at the crack surfaces on the crack growth as well as the
choosing of fracture criteria. As an approximation to a real crack,
the magneto-electrically permeable and magneto-electrically
impermeable crack-face boundary conditions are prevail in thell rights reserved.
gxu.edu.cnabove stated-works. However, the permeability of the dielectric in-
side the crack cannot be disregarded in analyzing the fracture
problems of magnetoelectroelastic materials and the above two
ideal crack models are only the limiting cases of a real dielectric
crack (Wang and Mai, 2007; Wang et al., 2008), which is similar
to the discussions on the crack-face electric boundary condition
for cracked piezoelectric materials (see e.g, Li and Lee, 2004a,b).
On the other hand, to simulate the case of an opening crack, Zhong
and Li (2007, 2008) have extended the semi-permeable crack-face
electric boundary condition proposed by Hao and Shen (1994) to
analyze the magnetoelectroelastic ﬁelds induced by dielectric
cracks. The corresponding semi-permeable crack-face magneto-
electric boundary conditions are expressed as follows:
Dc ¼ ec D/
Duz
; Bc ¼ lc Du
Duz
; ð1Þ
where ec ¼ ere0ðe0 ¼ 8:85 1012F=mÞ and lc ¼ lrl0ðl0 ¼ 1:26
106Ns2=C2Þ are the dielectric permittivity and magnetic permeabil-
ity of crack interior, respectively; D/, Du and Duz are the jumps of
electric potential, magnetic potential and crack opening displace-
ment across the crack, respectively. The semi-permeable assump-
tions (1) are also utilized by Feng et al. (2007b) and Zhou et al.
(2007) to study the crack problems in magnetoelectroelastic mate-
rials. However, the above-mentioned works associated with the
semi-permeable conditions are only limited to an inﬁnite magneto-
electroelastic solid with cracks. The fracture analysis of a cracked
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magnetoelectric boundary conditions is more signiﬁcant. Moreover,
although many theoretical and experimental studies (see, e.g. Park
and Sun, 1995; Gao et al., 1997; McMeeking, 1999; Bardzokas and
Filstinski, 2000; Yang, 2001; Schneider et al., 2003; Zhang and
Gao, 2004) on the fracture behaviors of piezoelectric materials have
been made, a detail theoretical analysis for the electric ﬁeld inside a
dielectric crack in a piezoelectric layer is still lacked.
In the present paper, the magnetoelectroelastic analysis of a
magneto-electrically dielectric crack in a piezoelectromagnetic
layer is made. To solve the boundary-value problem, three cou-
pling singular integral equations are obtained by making use of
the semi-permeable conditions and the Fourier transform. Field
intensity factors of stress, electric displacement, magnetic induc-
tion, crack opening displacement, electric potential and magnetic
potential are further determined. The electric displacement and
magnetic induction inside the crack are studied in detail. Numeri-
cal results are computed to show the effects of the material prop-
erties, the permeability of the crack interior, the geometries of the
crack and the layer, applied loadings on the magnetoelectric ﬁeld
of crack interior and presented graphically. The obtained observa-
tions reveal that the COD intensity factor is suitable to be a fracture
criterion for a magnetoelectroelastic layer with a dielectric crack,
and some known results can be recovered easily. The adopted ana-
lytical methods can be applied to solve the problem of a piezoelec-
tric layer with a dielectric crack and the corresponding results can
be veriﬁed by the experimental observations.
2. Statement of the problem
Consider that a dielectric Grifﬁth crack is embedded in a trans-
versely isotropic magnetoelectroelastic layer as shown in Fig. 1,
where Cartesian coordinates system xoz is used with the poling
axis as the z-axis. It is further assumed that the crack is central-sit-
uated at the segments ofa < x < a along the x-axis, and the width
of a magnetoelectroelastic layer is 2h. Applied in-plane stress r0,
electric ﬁeld E0 and magnetic ﬁeld H0 are imposed on the layer sur-
faces, namely
rzzðx;hÞ ¼ r0; Ezðx;hÞ ¼ E0; Hzðx;hÞ ¼ H0: ð2Þ
Under the above assumption of plane deformation, the constitutive
equations within the framework of linearly magnetoelectroelastic
theory can be written as:
rxx
rzz
Dz
Bz
2
6664
3
7775 ¼
c11 c13 e31 h31
c13 c33 e33 h33
e31 e33 e33 d33
h31 h33 d33 l33
2
6664
3
7775
@ux=@x
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2
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2
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Fig. 1. A dielectric Grifﬁth crack in a magnetoelectroelastic layer.whereuxðx; zÞ;uzðx; zÞ;/ðx; zÞ anduðx; zÞ are thenon-vanishing elastic
displacements, electric potential and magnetic potential, respec-
tively; rij;Di and Bi are the components of stress, electric displace-
ment and magnetic induction, respectively; ekl;hkl and dkl are the
piezoelectric, piezomagnetic and magnetoelectric coupling con-
stants, respectively; ckl; ekl and lkl are the elastic stiffness, the dielec-
tric permittivities and the magnetic permeability, respectively.
Moreover, from the equations of equilibrium, the elastic dis-
placements, electric potential and magnetic potential will satisfy
the basic governing equations as follows:
c11ux;xx þ c44ux;zz þ ðc13 þ c44Þuz;xz þ ðe31 þ e15Þ/;xz
þ ðh31 þ h15Þu;xz ¼ 0; ð5Þ
c44uz;xx þ c33uz;zz þ ðc13 þ c44Þux;xz þ e15/;xx þ e33/;zz
þ h15u;xx þ h33u;zz ¼ 0; ð6Þ
e15uz;xx þ e33uz;zz þ ðe31 þ e15Þux;xz  e11/;xx  e33/;zz
 d11u;xx  d33u;zz ¼ 0; ð7Þ
h15uz;xx þ h33uz;zz þ ðh31 þ h15Þux;xz  d11/;xx  d33/;zz
 l11u;xx  l33u;zz ¼ 0; ð8Þ
where a comma denotes partial differentiation with respect to the
sufﬁxed space variable. The body forces, free charges, and current
densities have been neglected in the present study.
On the other hand, to simulate a real opening crack, the semi-
permeable crack-face magnetoelectric boundary conditions are
used. That is, we have
rzzðx; 0Þ ¼ 0; Dzðx;0Þ ¼ Dc; Bzðx;0Þ ¼ Bc; a < x < a; ð9Þ
where
Dc ¼ ere0 D/ðx; 0ÞDuzðx;0Þ ; B
c ¼ lrl0
Duðx; 0Þ
Duzðx;0Þ : ð10Þ
Similar to the discussions given by Zhong and Li (2007, 2008), it is
found from (10) that four ideal crack models associated with a com-
bination of electrically permeable or impermeable and magnetically
permeable or impermeable assumptions are the limiting cases of
the dielectric one. Especially, one can see that the crack reduces
to a vacuum or air crack when er ¼ 1 and lr ¼ 1.
Due to the symmetry of the problem and free stress along
x-axis, it is sufﬁcient to consider the magnetoelectroelastic ﬁeld in-
duced by a dielectric crack in the region 0 6 z < h and 0 < x < þ1,
and the boundary conditions on the crack line can be further stated
as follows:
rxzðx;0Þ ¼ 0; 0 < x < þ1; ð11Þ
uzðx;0Þ ¼ 0; /ðx;0Þ ¼ 0; uðx;0Þ ¼ 0; a < x < þ1: ð12Þ3. Solution procedure
In order to solve the boundary-value problem, it is convenient
to express the solutions of ux;uz;/ and u in Eqs. (5)–(8) as the fol-
lowing Fourier integrals:
uxðx; zÞ ¼
X4
j¼1
Z 1
0
AjðnÞ sinh½ajnðz hÞcoshðajnhÞ sinðnxÞdnþ B1x; ð13Þ
uzðx; zÞ ¼
X4
j¼1
Z 1
0
g3jajAjðnÞ
cosh½ajnðz hÞ
coshðajnhÞ cosðnxÞdnþ B2z;
ð14Þ
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X4
j¼1
Z 1
0
g4jajAjðnÞ
cosh½ajnðz hÞ
coshðajnhÞ cosðnxÞdn
þ B3z; ð15Þ
uðx; zÞ ¼
X4
j¼1
Z 1
0
g5jajAjðnÞ
cosh½ajnðz hÞ
coshðajnhÞ cosðnxÞdn
þ B4z; ð16Þ
where AjðnÞ are the unknown functions to be solved and Bj are the
constants to be determined by far ﬁeld boundary conditions. aj
are the roots of the following characteristic equation
c11  c44a2 ðc13 þ c44Þa ðe31 þ e15Þa ðh31 þ h15Þa
ðc13 þ c44Þa c33a2  c44 e33a2  e15 a2h33  h15
ðe31 þ e15Þa e33a2  e15 e11  e33a2 d11  d33a2
ðh31 þ h15Þa h33a2  h15 d11  d33a2 l11  l33a2


¼ 0;
ð17Þ
or
a0a8 þ b0a6 þ c0a4 þ d0a2 þ e0 ¼ 0; ð18Þ
where a0; b0; c0;d0 and e0 are the constants dependent on the mate-
rial properties and the detail expressions are neglected here for sav-
ing spaces. Here it should be further pointed out that the roots
satisfying Re½aj > 0 are only chosen and used in (13)–(16), since
aj are the roots of Eq. (18). Moreover, the constants g3j;g4j and
g5j can be obtained by the following relations:
a2j ¼
c11
c44 þ ðc13 þ c44Þg3j þ ðe31 þ e15Þg4j þ ðh31 þ h15Þg5j
¼ c13 þ c44 þ c44g3j þ e15g4j þ h15g5j
c33g3j þ e33g4j þ h33g5j
¼ e31 þ e15 þ e15g3j  e11g4j  d11g5j
e33g3j  e33g4j  d33g5j
¼ h31 þ h15 þ h15g3j  d11g4j  l11g5j
h33g3j  d33g4j  l33g5j
: ð19Þ
Then from Eqs. (3) and (4) together with (13)–(16), the components
of stress, electric displacement and magnetic induction can be de-
rived. For example, we have
rxxðx; zÞ
rzzðx; zÞ
Dzðx; zÞ
Bzðx; zÞ
2
6664
3
7775 ¼ X
4
j¼1
Z 1
0
nAjðnÞ sinh½ajnðz hÞcoshðajnhÞ
b0j
b1j
b2j
b3j
2
6664
3
7775 cosðnxÞdn
þ
c11 c13 e31 h31
c13 c33 e33 h33
e31 e33 e33 d33
h31 h33 d33 l33
2
6664
3
7775
B1
B2
B3
B4
2
6664
3
7775; ð20Þ
rxzðx; zÞ
Dxðx; zÞ
Bxðx; zÞ
2
64
3
75 ¼ X4
j¼1
Z 1
0
nAjðnÞ cosh½ajnðz hÞcoshðajnhÞ
b4j
b5j
b6j
2
64
3
75 sinðnxÞdn;
ð21Þ
where
b0j ¼ ðc13g3j þ e31g4j þ h31g5jÞa2j  c11;
b1j ¼ ðc33g3j þ e33g4j þ h33g5jÞa2j  c13; ð22Þ
b2j ¼ ðe33g3j  e33g4j  d33g5jÞa2j  e31;
b3j ¼ ðh33g3j  d33g4j  l33g5jÞa2j  h31; ð23Þb4j ¼ ½c44ð1þ g3jÞ þ e15g4j þ h15g5jaj;
b5j ¼ ½e15ð1þ g3jÞ  e11g4j  d11g5jaj; ð24Þb6j ¼ ½h15ð1þ g3jÞ  d11g4j  l11g5jaj: ð25Þ
From the above results, it is readily found that the constitute Eqs.
(3) and (4) together with the governing differential Eqs. (5)–(8)
have been satisﬁed. Furthermore, applying the boundary conditions
(2) and the free stress rxxðx;hÞ ¼ 0, one has
B1
B2
B3
B4
2
6664
3
7775 ¼
c11 c13 e31 h31
c13 c33 e33 h33
0 0 1 0
0 0 0 1
2
6664
3
7775
1 0
r0
E0
H0
2
6664
3
7775; ð26Þ
where ‘‘1” denotes the inverse matrix.
In what follows, let us restrict our attention on the unknowns
AjðnÞðj ¼ 1;2;3;4Þ. From (11) and (21), it is found that
X4
j¼1
b4jAjðnÞ ¼ 0: ð27Þ
On the other hand, if deﬁning the following dislocation density
functions
g1ðxÞ
g2ðxÞ
g3ðxÞ
2
64
3
75 ¼ @
@x
uzðx;0Þ
/ðx; 0Þ
uðx;0Þ
2
64
3
75; ð28Þ
and using the Fourier inverse transform along with (12), we have
X4
j¼1
g3j
g4j
g5j
2
64
3
75ajAjðnÞ ¼  2pn
Z a
0
g1ðsÞ
g2ðsÞ
g2ðsÞ
2
64
3
75 sinðsnÞds: ð29Þ
With the solutions (27) and (29), the unknowns AjðnÞ can be written
as
A1ðnÞ
A2ðnÞ
A3ðnÞ
A4ðnÞ
2
6664
3
7775 ¼  2pn  ½bji44
Z a
0
g1ðsÞ
g2ðsÞ
g3ðsÞ
0
2
6664
3
7775 sinðsnÞds; ð30Þ
where
½bji44 ¼
g31a1 g32a2 g33a3 g34a4
g41a1 g42a2 g43a3 g44a4
g51a1 g52a2 g53a3 g54a4
b41 b42 b43 b44
2
6664
3
7775
1
: ð31Þ
Inserting (30) into (20) and using the boundary conditions (9), three
integral equations can be obtained as follows:
2
p
Z a
0
Z 1
0
X3
i¼1
X4
j¼1
bjigiðsÞ
b1j
b2j
b3j
2
64
3
75 tanhðajnhÞ sinðsnÞ cosðxnÞdnds
¼ 
r0
D0  Dc
B0  Bc
2
64
3
75; 0 < x < a; ð32Þ
where
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r0
þ 2e31e33c13  c11e
2
33  c33e231
c213  c11c33
þ e33
 
E0
þ e31ðc13h33  c33h31Þ þ e33ðc13h31  c11h33Þ
c213  c11c33
þ d33
 
H0; ð33Þ
B0 ¼ h31c13  h33c11c213  c11c33
r0
þ h31ðe33c13  c33e31Þ þ h33ðe31c13  c11e33Þ
c213  c11c33
þ d33
 
E0
þ 2c13h31h33  c33h
2
31  c11h233
c213  c11c33
þ l33
" #
H0: ð34Þ
Noting that the known result (Gradshteyn and Ryzhik, 1980)Z 1
0
tanhðajhnÞ cosðtnÞ
n
dn ¼ ln coth tp
4ajh
 
; ð35Þ
we ﬁndZ 1
0
tanhðajhnÞ sinðsnÞ cosðxnÞdn
¼ 1
2
d
dx
ln
sinh raj x
 
þ sinh raj s
 
sinh raj x
 
 sinh raj s
 

; ð36Þ
with
r ¼ p
2h
: ð37Þ
Consequently, Eq. (32) can be rewritten as
1
p
Z a
0
X3
i¼1
X4
j¼1
bji
b1j
b2j
b3j
2
64
3
75giðsÞ2raj
cosh raj x
 
sinh raj s
 
sinh2 raj s
 
 sinh2 raj x
  ds
¼ 
r0
D0  Dc
B0  Bc
2
64
3
75; 0 < x < a: ð38Þ
It is difﬁcult to obtain the explicit solutions of Eq. (38) for the com-
plexity of the kernels. In order to carry out the numerical computa-
tions, we introduce the variable transformations as follows:
x ¼ ax; s ¼ as; giðsÞ ¼ fiðsÞ: ð39Þ
The singular integral Eq. (38) reduce to
1
p
Z 1
1
X3
i¼1
X4
j¼1
bji
b1j
b2j
b3j
2
64
3
75fiðsÞ araj
cosh araj x
 
sinh araj s
 
 sinhðaraj xÞ
ds
¼ 
r0
D0  Dc
B0  Bc
2
64
3
75; 1 < x < 1: ð40Þ
Furthermore, from the physical viewpoint, the functions fiðsÞ exhibit
the inverse square-root singularity. Here it is convenient to choose
fiðsÞ ¼ yið
sÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ; ð41Þ
where yiðsÞ are bounded continuous functions in the interval jsj 6 1:
Then, using the Lobatto-Chebyshev collocation method, Eq. (40) can
be discretized to a system of algebraic equations:1
n
Xn
l¼0
kl
X3
i¼1
X4
j¼1
bji
b1j
b2j
b3j
2
64
3
75 araj
coshðaraj xmÞ
sinhðaraj slÞ  sinhð
ar
aj
xmÞ yið
slÞ
¼ 
r0
D0  Dc
B0  Bc
2
64
3
75; ð42Þ
where
xm ¼ cos½ð2m 1Þp=ð2nÞ; m ¼ 1;2; . . . ; n; ð43Þ
sl ¼ cosðlp=nÞ; l ¼ 0;1;2; . . . ; n; ð44Þ
k0 ¼ kn ¼ 1=2; k1 ¼    ¼ kn1 ¼ 1: ð45Þ
In addition, the single-value constraint conditions
uzða;0Þ ¼ /ða;0Þ ¼ uða; 0Þ ¼ 0 yieldZ a
a
giðxÞdx ¼ 0; i ¼ 1;2;3; ð46Þ
or the following discretized versions
Xn
l¼0
klyiðslÞ ¼ 0; i ¼ 1;2;3: ð47Þ
From (42) and (47), it is found that a linear system is formed with
3nþ 3 equations and 3nþ 5 unknowns. When the crack is one of
four ideal crack models: magneto-electrically permeable, mag-
neto-electrically impermeable, magnetically permeable and electri-
cally impermeable, magnetically impermeable and electrically
permeable, the system made of (42) and (47) can be solved directly.
However, for an opening crack full of a dielectric interior, the elec-
tric displacement Dc and the magnetic induction Bc inside the crack
are unknowns and should be further determined. To solve the sys-
tem of (42) and (47), two other independent equations are needed,
which can be given by two semi-permeable electric and magnetic
boundary conditions at the crack faces. Furthermore, a nonlinear
polynomial system will be determined and given in the next
section.
4. Magnetoelectric ﬁeld of crack interior
In the section, the solutions of electric displacement and mag-
netic induction inside the crack are of interest. Application of Eq.
(10) leads to
Dcuzðx;0Þ þ ere0/ðx;0Þ ¼ 0; Bcuzðx;0Þ þ lrl0uðx; 0Þ ¼ 0: ð48Þ
Eq. (28) are further used to express the above results as
Dc
Z a
x
g1ðsÞdsþ ere0
Z a
x
g2ðsÞds ¼ 0; 0 < x < a; ð49Þ
Bc
Z a
x
g1ðsÞdsþ lrl0
Z a
x
g3ðsÞds ¼ 0; 0 < x < a: ð50Þ
Additionally, from (39) and (41), one can obtain
Dc
Z 1
x
y1ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p dsþ ere0
Z 1
x
y2ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds ¼ 0; 0 < x < 1; ð51Þ
Bc
Z 1
x
y1ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p dsþ lrl0
Z 1
x
y3ðsÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 s2
p ds ¼ 0; 0 < x < 1: ð52Þ
Furthermore, it is easily seen that the variable x can not affect the
values of the electric displacement Dc and the magnetic induction
Bc . Similar to Zhong et al. (2009), choosing x ¼ 0 and using the Lob-
atto-Chebyshev quadrature technique, Eqs. (51) and (52) can be dis-
cretized as
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Xn=2
l¼0
kly1ðslÞ þ ere0
Xn=2
l¼0
kly2ðslÞ ¼ 0; ð53Þ
Bc
Xn=2
l¼0
kly1ðslÞ þ lrl0
Xn=2
l¼0
kly3ðslÞ ¼ 0; ð54Þ
where n is chosen as an even number.
Clearly, a nonlinear system involving of (42), (47), (53) and (54)
with respect to Dc;Bc and yiðslÞ is formed. Moreover, we rewrite
(42) and (47) as
Cð3nþ3Þð3nþ3Þ  Y ¼ S; ð55Þ
or
Y ¼ C1ð3nþ3Þð3nþ3Þ  S; ð56Þ
where Cð3nþ3Þð3nþ3Þ is the coefﬁcient matrix and nonsingular. Y and S
denote the vectors given as follows respectively:
Y ¼ ½y1ðs0Þ;    ; y1ðsnÞ; y2ðs0Þ;    ; y2ðsnÞ; y3ðs0Þ;    ; y3ðsnÞT ; ð57Þ
S ¼ ½r0;    ;r0|ﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄ}n;D0  Dc;    ;D0  Dc|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}n;B0  Bc;    ;B0  Bc|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}n;0;0;0T ;
ð58Þ
where the superscript ‘‘T” stands for transposition. Substitution of
(56) into (53) and (54), we observe that
TD  C1ð3nþ3Þð3nþ3Þ  S ¼ 0; ð59Þ
TB  C1ð3nþ3Þð3nþ3Þ  S ¼ 0; ð60Þ
where
TD ¼ ½k0Dc;    ; kn=2Dc|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
1þn=2
;0;    ;0|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
n=2
; k0ere0;    ; kn=2ere0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
1þn=2
; 0;    ; 0|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
n=2þnþ1
; ð61Þ
TB ¼ ½k0Bc;    ; kn=2Bc|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
1þn=2
; 0;    ;0|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
n=2þnþ1
; k0lrl0;    ; kn=2lrl0|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
1þn=2
;0;    ;0|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
n=2
: ð62Þ
Obviously, Eqs. (59) and (60) form two coupling quadric equations
with respect to Dc and Bc , which are dependent on the material
properties, applied loadings and the dielectric permittivity of crack
interior, in agreement with the observations for the analysis of a
dielectric crack in a magnetoelectroelastic material and a piezoelec-
tric solid (Zhong and Li, 2007; Li and Lee, 2004a). In addition, it is
found that since Cð3nþ3Þð3nþ3Þ depends on the ratio a=h according
to Eq. (42), the length of a crack and the width of a magnetoelectro-
elastic layer have effects on the electric displacement Dc and the
magnetic induction Bc of an opening crack interior. The phenome-
non is different from the case of an inﬁnite magnetoelectroelastic
or piezoelectric solid with a dielectric crack (Zhong and Li, 2007;
Wang andMai, 2007; Hao and Shen, 1994; Li and Lee, 2004a). More-
over, although there are at most four-pairs roots of Dc and Bc
according to the nonlinear equations of (59) and (60), only one pair
is reasonable and the others are superﬂuous. The acceptable Dc and
Bc should be located at the range between that for a magneto-elec-
trically impermeable crack and that for a magneto-electrically per-
meable crack (Li and Lee, 2004a; Zhong et al., 2009). Once Dc and Bc
are determined, which can be inserted into Eq. (56), the other un-
knowns can be solved. Furthermore, one can obtain the magneto-
electroelastic ﬁeld near the crack tip.
5. Field intensity factors
In this section, let us focus on the ﬁeld intensity factors, which
are of much importance from the viewpoint of the fracturemechanics and always used to characterize the dielectric crack
tip ﬁeld. From (20) and (29), the components of stress, electric dis-
placement and magnetic induction along the crack line can be ob-
tained from the following integrals:
rzzðx;0Þ
Dzðx;0Þ
Bzðx;0Þ
2
64
3
75¼ 1p
Z a
a
X3
i¼1
X4
j¼1
bjigiðsÞ
b1j
b2j
b3j
2
64
3
75 raj
coshð raj xÞ
sinhð raj sÞ sinhð
r
aj
xÞds
þ
r0
D0
B0
2
64
3
75; ð63Þ
for jxj > a. Noticing that
lim
s!x
r
aj
coshð raj xÞ
sinhð raj sÞ  sinhð
r
aj
xÞ 
1
s x
" #
¼  r
2aj
tanh
r
aj
x
 
; ð64Þ
Eq. (63) can be further simpliﬁed as
rzzðx;0Þ
Dzðx; 0Þ
Bzðx; 0Þ
2
64
3
75 ¼ 1p
Z a
a
X3
i¼1
X4
j¼1
bji
b1j
b2j
b3j
2
64
3
75 giðsÞ
s x dsþ Oð1Þ: ð65Þ
Furthermore, deﬁning the ﬁeld intensity factors as
Kq ¼ lim
x!aþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx aÞ
p
qðx;0Þ; ð66Þ
where qðx;0Þ stands for one among rzzðx;0Þ;Dzðx;0Þ and Bzðx;0Þ, and
after some computations, one arrives at
Kr
KD
KB
2
64
3
75 ¼ K y1ð1Þy2ð1Þ
y3ð1Þ
2
64
3
75 ﬃﬃﬃﬃﬃﬃpap ; ð67Þ
where
K ¼
K11 K12 K13
K21 K22 K23
K31 K32 K33
2
64
3
75; ð68Þ
with
Kki ¼
X4
j¼1
bijbkj; k; i ¼ 1;2;3: ð69Þ
To check the above results, it is natural to consider the special case
where a dielectric crack is embedded in an inﬁnite magnetoelectro-
elastic material, i.e., h !1. One can ﬁnd that
lim
h!þ1
ar
aj
coshðaraj sÞ
sinhðaraj sÞ  sinhð
ar
aj
xÞ ¼
1
s x ; ð70Þ
and the integral Eq. (40) can be further reduced to
1
p
Z 1
1
1
x s
f1ðsÞ
f2ðsÞ
f3ðsÞ
2
64
3
75ds ¼ K1 r0D0  Dc
B0  Bc
2
64
3
75; 1 < x < 1: ð71Þ
Eq. (71) are the standard integral equations with the Cauchy kernel,
which can be solved explicitly as Mushkelishvili (1953)
f1ðxÞ
f2ðxÞ
f3ðxÞ
2
64
3
75 ¼ K1 r0D0  Dc
B0  Bc
2
64
3
75 xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p ; ð72Þ
where the constraint conditions (46) have been utilized.
With the knowledge of (72) and (65), it is easy to determine the
magnetoelectroelastic ﬁeld induced by a dielectric crack. For
example we have
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KD
KB
2
64
3
75 ¼ r0D0  Dc
B0  Bc
2
64
3
75 ﬃﬃﬃﬃﬃﬃpap ; ð73Þ
which are identical with the known results given in Zhong and Li
(2007) through a different approach. On the other hand, the electric
displacement and magnetic induction inside the crack are also of
much interest. Under the considerations of (51), (52) and (72),
one can easily obtain that
Dc ere0 0
 
K1
r0
D0  Dc
B0  Bc
2
64
3
75 ¼ 0; ð74Þ
Bc 0 lrl0
 
K1
r0
D0  Dc
B0  Bc
2
64
3
75 ¼ 0: ð75Þ
A direct numerical computation reveals that the results of (74) and
(75) coincide with those given in Zhong and Li (2007), although the
applied methods are different.
Furthermore, we consider the behavior of the COD, the jumps of
the electric potential and magnetic potential near the crack tip and
deﬁne the corresponding intensity factors as
KCOD
K/
Ku
2
64
3
75 ¼ lim
x!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
2ða xÞ
r uzðx; 0Þ
/ðx; 0Þ
uðx; 0Þ
2
64
3
75: ð76Þ
In view of some results in the prior sections, we have
KCOD
K/
Ku
2
64
3
75 ¼  ﬃﬃﬃﬃﬃﬃpap y1ð1Þy2ð1Þ
y3ð1Þ
2
64
3
75: ð77Þ4.56. Numerical results and discussions
6.1. A magnetoelectroelastic layer with a dielectric crack
In order to investigate the dependence of the magnetoelectric
ﬁeld inside the dielectric crack and the ﬁeld intensity factors on
the material properties, applied loadings, dielectric permeability
of crack interior and the geometries of the crack and the layer,
numerical results for the BaTiO3—CoFe2O4 multiphase composites
will be carried out. The relevant material properties are given in
Table 1 (Buchanan, 2004) and computed by using the Mori-Tanaka
concepts (Li and Dunn, 1998), where Vf denotes the volume frac-
tion of piezoelectric phase BaTiO3. For simplicity, we consider only
the case of er ¼ lr ¼ k in the following computations.
The variations of the electric displacement and magnetic induc-
tion inside the dielectric crack on the ratio of the crack length andTable 1
The relevant material properties.
BaTiO3—CoFe2O4 c11 c33 c13 c44 e31 e33 e15 h31
Vf ¼ 0:25 245 235 144 46 1.5 4.2 0.0 380
Vf ¼ 0:50 215 210 112 50 2.8 8.7 0.2 220
Vf ¼ 0:75 186 181 90 51 3.8 13.2 0.3 90
h33 h15 e11 e33 l11 l33 d11 d33
Vf ¼ 0:25 475 335 0.1 3.2 3.55 1.2 3.1 2350
Vf ¼ 0:50 290 180 0.25 6.3 2.00 0.8 5.3 2750
Vf ¼ 0:75 135 75 0.5 9.4 0.90 0.45 6.8 1800
Units: elastic stiffness constant, GPa; piezoelectric constants, C=m2; piezomagnetic
constants, N=Am; dielectric permittivities, ð109ÞC2=Nm2; magnetic permeabili-
ties, ð106ÞNs2=C2; electromagnetic constants, ð109ÞNs=VC.layer width are drawn in Figs. 2 and 3 for the volume fraction
Vf ¼ 0:5 and k ¼ 0:1;1;1 under the applied loadings
r0 ¼ 10 MPa;E0 ¼ 1 KV=cm and H0 ¼ 1 KA=m, respectively. Here
it should be pointed out that since Dc and Bc are zeroes for a fully
impermeable crack, the corresponding curves are not depicted in
Figs. 2 and 3. It is found from Figs. 2 and 3 that Dc and Bc are
increasing, then tending to a steady state when a=h is increasing
for any ﬁxed value of k–0. Moreover, one can see that the electric
displacement Dc and magnetic induction Bc for k ¼ 0:1 are more
sensitive to the ratio a=h when 0 < a=h < 0:5 than those for
k ¼ 1. In addition, it is interesting to note that the curve corre-
sponding to a vacuum crack lies between that for a magneto-elec-
trically impermeable crack and that for a magneto-electrically
permeable crack, implying that the fully impermeable and perme-
able crack models are indeed the limiting cases of a dielectric one.
Furthermore, for a vacuum or air crack (i.e. k ¼ 1) and the com-
bined magneto-electro-mechanical loadings, the variations of Dc
and Bc on the ratio a=h are shown in Figs. 4 and 5 for
Vf ¼ 0:25;0:5;0:75, respectively. It is seen from Figs. 4 and 5 that
the values of Dc and Bc corresponding to Vf ¼ 0:5 are greater than
those for Vf ¼ 0:25 and Vf ¼ 0:75. The reason of the above results
is that the interaction of the piezoelectric phase BaTiO3 and the
magnetic phase CoFe2O4 is strongest near Vf ¼ 0:5 (Nan et al.,
2008), which also leads to the highest magnetoelectric effects. In
addition, one can see from Fig. 4 that the values of Dc for
Vf ¼ 0:75 are greater than those for Vf ¼ 0:25. In contrast, as
shown in Fig. 5, the values of Bc for Vf ¼ 0:75 are less than those
for Vf ¼ 0:25. The phenomena attribute mainly to the different vol-
ume fractions of piezoelectric phase BaTiO3 in magnetoelectric
materials, which yield the difference of the electric displacement
and magnetic induction. That is, when Vf ¼ 0:75, the volume frac-
tion of BaTiO3 is more than that of CoFe2O4, and when Vf ¼ 0:25,
the volume fraction of BaTiO3 is smaller than that of CoFe2O4, then
the corresponding results can be obtained in Figs. 4 and 5 respec-
tively. The obtained results reveals that the volume fraction Vf has
great effects on the electric displacement and magnetic induction
of crack interior for a vacuum or air crack.
In what follows, let us investigate the variations of COD inten-
sity factor, which is considered to be a suitable fracture criterion
for cracked piezoelectric or magnetoelectroelastic solids (Li and
Lee, 2004b; Feng et al., 2007a). For k ¼ 1 and the magneto-elec-
tro-mechanical loadings r0 ¼ 10 MPa;E0 ¼ 1 KV=cm and
H0 ¼ 1 KA=m, Fig. 6 shows the varying tendencies of the normal-
ized COD intensity factor c44K
COD=r0
ﬃﬃﬃﬃﬃﬃ
pa
p
versus the ratio a=h for
Vf ¼ 0:25;0:50;0:75, respectively. It is found from Fig. 6 that the
COD intensity factor rises with increasing Vf regardless of a ﬁxed0 0.5 1 1.5 2
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Fig. 2. The variations of Dc on a=h with Vf ¼ 0:5;r0 ¼ 10 MPa;E0 ¼ 1 KV=cm and
H0 ¼ 1 KA=m for k ¼ 1;1; 0:1, respectively.
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Fig. 3. The variations of Bc on a=h with Vf ¼ 0:5;r0 ¼ 10 MPa;E0 ¼ 1 KV=cm and
H0 ¼ 1 KA=m for k ¼ 1;1; 0:1, respectively.
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Fig. 4. The variations of Dc on a=h with k ¼ 1;r0 ¼ 10 MPa;E0 ¼ 1 KV=cm and
H0 ¼ 1 KA=m for Vf ¼ 0:25; 0:50;0:75, respectively.
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Fig. 5. The variations of Bc on a=h with k ¼ 1;r0 ¼ 10 MPa;E0 ¼ 1 KV=cm and
H0 ¼ 1 KA=m for Vf ¼ 0:25; 0:50;0:75, respectively.
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growth. On the other hand, of much interest are the inﬂuences of
applied electric and magnetic loadings on the crack growth, which
are shown in Figs. 7 and 8 with the variations of a=h and Vf ¼ 0:5
for a vacuum crack. It is found that a positive electric or magneticloading increases the normalized COD intensity factor and a nega-
tive one decreases the normalized COD intensity factor, implying
that a positive electric or magnetic loading enhances the dielectric
crack growth, and a negative one impedes the dielectric crack
growth. The observations are in agreement with the experimental
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4228 X.-C. Zhong / International Journal of Solids and Structures 46 (2009) 4221–4230results for a cracked piezoelectric solid (Park and Sun, 1995) and
theoretical results for a dielectric crack in a piezoelectric or mag-
netoelectroelastic solid (Li and Lee, 2004a; Wang et al., 2008).
Additionally, one can see from Figs. 7 and 8 that the COD intensity
factor is rising with increasing a=h in the absence of electric and
magnetic loadings, indicating that when the crack length is ﬁxed,
the smaller the layer width, the easier the crack growth, which is
in accordance with that of a purely elastic layer with a Grifﬁth
crack (Lowengrub, 1966).−3 −2 −1 0 1 2 3 4 5
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E0 ¼ 1:15 KV=cm for r0 ¼ 10;20;30;40 ðMPaÞ, respectively.6.2. A piezoelectric layer with a dielectric crack
To the end, it is noted that the electric potential difference
across the dielectric crack in a piezoelectric layer is veriﬁed by
the experimental observations (Schneider et al., 2003). Clearly,
the present proposed methods can be reduced to analyzing the
case of a piezoelectric layer with a dielectric crack. To match the
experimental case, the piezoelectric material properties are used
as those given in Schneider et al. (2003) and the crack length and
layer width are chosen as 2a ¼ 200lm and 2h ¼ 260 lm,
respectively.
Fig. 9 is depicted to show the variations of the electric displace-
ment of crack interior Dc versus lnðerÞ with E0 ¼ 1:15 KV/cm and
r0 ¼ 10;20;30;40 ðMPaÞ, respectively. When er ! 0ðlnðerÞ !
1Þ, corresponding to an impermeable crack, it is seen from
Fig. 9 that Dc tends to zero irrespective of the values of r0. While
er !1, corresponding to a permeable crack, Dc approaches a con-
stant, which depends on applied stress loadings r0. The above re-
sults are in accordance with those shown in Li and Lee (2004a) for
an inﬁnite piezoelectric solid with a dielectric crack. On the other
hand, for a dielectric crack, the electric displacement of crack inte-
rior depends greatly on the permeability of crack interior and the
applied mechanical loadings, which is also similar to the observa-
tions in Li and Lee (2004a). Moreover, it is further found that the
four curves in Fig. 9 are intersected about at the point
lnðerÞ ¼ 2:8. This means that a rising of applied stress increases
or decreases the electric displacement of crack interior, depending
on the permeability of the dielectric inside the crack. Furthermore,
the variations of the normalized intensity factors of COD and the
electric potential are drawn in Figs. 10 and 11, respectively. From
Fig. 10, it is easy to calculate that the COD is rising with an increase
of applied stress r0, and ﬁnd that the COD and r0 exist a linear
relation for lnðerÞ > 2:1: As shown in Fig. 11, when the applied
stresses are increasing, corresponding to a rise of the COD, the nor-
malized electric potential intensity factor in magnitude is increas-−3 −2 −1 0 1 2 3 4 5
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Fig. 9. The variations of Dc on lnðerÞ with a=h ¼ 100=130 and E0 ¼ 1:15 KV=cm for
r0 ¼ 10;20;30;40 ðMPaÞ, respectively.ing for a ﬁxed ﬁnite value of dielectric permeability inside the
crack, which is in accordance with the experimental observations
for a poled PZT ceramic with an indentation crack (Schneider
et al., 2003). Moreover, as given by the experimental results
(Schneider et al., 2003), the electric potential differences near the
crack tip are negative. It is also seen from Fig. 11 that the intensity
factors of the electric potential are negative irrespective of the per-
meability of crack interior and the applied mechanical loadings.
When er !1, the intensity factors of the electric potential are
tending to zero for any value of r0, which agrees well with the per-
meable assumption.
On the other hand, one can see from those given by Schneider
et al. (2003) that the experimental results for the crack opening
displacement and electric potential difference near the crack tip
can be ﬁtted by
DuzðnmÞ ¼ 32:30
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
rðlmÞ
p
; D/½V  ¼ 0:37
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r½lm
p
; ð78Þ
where r is the distance to the crack tip. For the present theoretical
analysis, if choosing er ¼ 40 and ﬁtting the crack opening displace-
ment in the above results through the applied stress, we arrive at
c44KCOD=r0
ﬃﬃﬃﬃﬃﬃ
pa
p ¼ 0:8175, then obtain r0 ¼ 32:5MPa. With the
knowledge of er ¼ 40 and r0 ¼ 32:5MPa, one has K/=E0
ﬃﬃﬃﬃﬃﬃ
pa
p ¼
0:1059 and
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r½lm
p
: ð79Þ
It is found from the above results that the abstract of the electric po-
tential difference in (79) is less than that in (78) about 6:89%, and in
agreement with the experimental observations (Schneider et al.,
2003).7. Conclusions
The problem of a dielectric Grifﬁth crack embedded in a mag-
netoelectroelastic layer is considered. Making use of the semi-per-
meable crack-face electromagnetic boundary conditions, a real
opening dielectric crack is simulated. To solve the boundary-value
problem, the Fourier transform technique is applied to derive three
coupling singular integral equations. By the Lobatto-Chebyshev
collocation method, the obtained singular integral equations are
discretized to a system of algebraic equations. Two coupling quad-
ric equations with respect to the electric displacement and mag-
netic induction of crack interior are further determined and
solved directly. Then the magnetoelectric ﬁeld inside the crack
and the ﬁeld intensity factors are obtained. The dependence of
the electric displacement and the magnetic induction of crack inte-
rior on the material properties, the permeability of crack interior,
and the ratio between the crack length and the layer width are dis-
cussed in detail and presented in graphics. The growth of the
dielectric crack is analyzed through the COD intensity factor. The
proposed procedure can be reduced to solving the problem of a
dielectric crack in a piezoelectric layer and can be veriﬁed by the
experimental results. Main observations are drawn out as follows:
 Four ideal crack-face electromagnetic boundary conditions are
the limiting cases of the electromagnetically dielectric crack
model.
 An increase of the ratio of the crack length and the layer width
increases the COD intensity factor of a vacuum or air crack in
the absence of electric and magnetic loadings.
 The volume fraction of the piezoelectric phase in
BaTiO3—CoFe2O4 composites has great effects on the COD inten-
sity factor, the electric displacement and the magnetic induction
inside the crack.
 Based on the COD intensity factor, positive electromagnetic
loadings enhance the electromagnetically dielectric crack prop-
agation, and negative electromagnetic ones retard the electro-
magnetically dielectric crack growth.Acknowledgements
The work was supported by the Scientiﬁc Research Foundation
of Guangxi University (X081088) and the Scientiﬁc Research Fund
of Guangxi Provincial Education Department. Many thanks are due
to two anonymous reviewers for their valuable comments and sug-
gestions on an earlier version of this paper.References
Annigeri, A.R., Ganesan, N., Swarnamani, S., 2006. Free vibrations of clamped–
clamped magneto-electro-elastic cylindrical shells. Journal of Sound and
Vibration 292, 300–314.
Bardzokas, D., Filstinski, M.L., 2000. Diffraction of a shear wave on tunnel cracks and
openings in a piezoceramic medium. International Symposium on Brittle Matrix
Composites No. 6, Warsaw, Poland, pp. 548–556.
Bhangale, R.K., Ganesan, N., 2006. Static analysis of simply supported functionally
graded and layered magneto-electro-elastic plates. International Journal of
Solids and Structures 43, 3230–3253.
Buchanan, G.R., 2004. Layered versus multiphase magneto-electro-elastic
composites. Composites: Part B 35, 413–420.Calas, H., Otero, J.A., Rodriguez-Ramos, R., et al., 2008. Dispersion relations for SH
wave in magneto-electro-elastic heterostructures. International Journal of
Solids and Structures 45, 5356–5367.
Chen, W.Q., Lee, K.Y., Ding, H.J., 2005. On free vibration of non-homogeneous
transversely isotropic magneto-electro-elastic plates. Journal of Sound and
Vibration 279, 237–251.
Feng, W.J., Pan, E., Wang, X., 2007a. Dynamic fracture analysis of a penny-shaped
crack in a magnetoelectroelastic layer. International Journal of Solids and
Structures 44, 7955–7974.
Feng, W.J., Su, R.K.L., Pan, E., 2007b. Fracture analysis of a penny-shaped
magnetically dielectric crack in a magnetoelectroelastic material.
International Journal of Fracture 146, 125–138.
Gao, C.F., Tong, P., Zhang, T.Y., 2003. Interfacial crack problems in magneto-electric-
elastic solids. International Journal of Engineering Science 41, 2105–2121.
Gao, H., Zhang, T.-Y., Tong, P., 1997. Local and global energy release rates for an
electrically yielded crack in a piezoelectric ceramic. Journal of the Mechanics
and Physics of Solids 45, 491–510.
Gradshteyn, I.S., Ryzhik, I.M., 1980. Table of Integrals, Series and Products. Academic
Press, New York.
Hao, T.H., Shen, Z.Y., 1994. A new electric boundary condition of electric fracture
mechanics and its application. Engineering Fracture Mechanics 47, 793–802.
Hou, P.F., Teng, G.H., Chen, H.R., 2009. Three-dimensional Green’s function for a
point heat source in two-phase transversely isotropic magneto-electro-thermo-
elastic material. Mechanics of Materials 41, 329–338.
Hu, K.Q., Li, G.Q., 2005. Electro-magneto-elastic analysis of a piezoelectromagnetic
strip with a ﬁnite crack under longitudinal shear. Mechanics of Materials 37,
925–934.
Huang, J.H., Kuo, W.S., 1997. The analysis of piezoelectric/piezomagnetic composite
materials containing ellipsoidal inclusions. Journal of Applied Physics 81, 1378–
1386.
Lee, J.M., Ma, C.C., 2007. Analytical full-ﬁeld solutions of a magnetoelectroelastic
layered half-plane. Journal of Applied Physics 101, 083502.
Liu, J.X., Liu, X.L., Zhao, Y.B., 2001. Green’s functions for anisotropic
magnetoelectroelastic solids with an elliptical cavity or a crack. International
Journal of Engineering Science 39, 1405–1418.
Li, J.Y., Dunn, M.L., 1998. Micromechanics of magnetoelectroelastic composite
materials: average ﬁelds and effective behavior. Journal of Intelligent Material
Systems and Structures 9, 404–416.
Li, R., Kardomateas, G.A., 2007. The mixed mode I and II interface crack in
piezoelectromagneto-elastic anisotropic bimaterials. Journal of Applied
Mechanics 74, 614–627.
Li, X.F., Lee, K.Y., 2004a. Crack growth in a piezoelectric material with a Grifﬁth
crack perpendicular to the poling axis. Philosophical Magazine 84, 1789–
1820.
Li, X.F., Lee, K.Y., 2004b. Effects of electric ﬁeld on crack growth for a penny-shaped
dielectric crack in a piezoelectric layer. Journal of the Mechanics and Physics of
Solids 52, 2079–2100.
Li, X.-F., 2005. Dynamic analysis of a cracked magnetoelectroelastic medium under
antiplane mechanical and inplane electric and magnetic impacts. International
Journal of Solids and Structures 42, 3185–3205.
Lowengrub, M., 1966. A two-dimensional crack problem. International Journal of
Engineering Science 4, 289–299.
McMeeking, R.M., 1999. Crack tip energy release rate for a piezoelectric compact
tension specimen. Engineering Fracture Mechanics 47, 793–802.
Mushkelishvili, N.I., 1953. Singular Integral Equations. Wolters-Noorhoff,
Groningen.
Nan, C.W., Bichurin, M.I., Dong, S.X., et al., 2008. Multiferroic magnetoelectric
composites: historical perspective, status, and future directions. Journal of
Applied Physics 103, 031101.
Pan, E., 2001. Exact solution for simply supported and multilayered magneto-
electro-elastic plates. Journal of Applied Mechanics 68, 608–617.
Park, S., Sun, C.T., 1995. Fracture criteria for piezoelectric ceramics. Journal of the
American Ceramic Society 78, 1475–1480.
Schneider, G.A., Felten, F., McMeeking, R.M., 2003. The electrical potential difference
across cracks in PZT measured by Kelvin Probe Microscopy and implications for
fracture. Acta Materialia 51, 2235–2241.
Sih, G.C., Song, Z.F., 2003. Magnetic and electric poling effects associated with crack
growth in BaTiO3—CoFe2O4 composite. Theoretical and Applied Fracture
Mechanics 39, 209–227.
Tian, W.Y., Gabbert, U., 2005. Macrocrack-microcrack interaction problem in
magnetoelectroelastic solids. Mechanics of Materials 37, 565–592.
Tian, W.Y., Rajapakse, R.K.N.D., 2008. Field intensity factors of a penny-shaped crack
in a magnetoelectroelastic layer. Journal of Alloys and Compounds 449, 161–
171.
Wang, B.L., Mai, Y.W., 2006. Closed-form solution for an antiplane interface crack
between two dissimilar magnetoelectroelastic Layers. Journal of Applied
Mechanics 73, 281–290.
Wang, B.L., Mai, Y.W., 2007. Applicability of the crack-face electromagnetic
boundary conditions for fracture of magnetoelectroelastic materials.
International Journal of Solids and Structures 42 44, 387–398.
Wang, B.L., Sun, Y.G., Zhang, H.Y., 2008. Analysis of a penny-shaped crack in
magnetoelectroelastic materials. Journal of Applied Physics 103, 083530.
Yang, W., 2001. Mechatronic Reliability. Tsinghua University Press, Springer,
Beijing.
Zhang, T.Y., Gao, C.F., 2004. Fracture behaviors of piezoelectric materials.
Theoretical and Applied Fracture Mechanics 41, 339–379.
4230 X.-C. Zhong / International Journal of Solids and Structures 46 (2009) 4221–4230Zhao, M.H., Fan, C.Y., 2008. Strip electric-magnetic break down model in
magnetoelectroelastic medium. Journal of the Mechanics and Physics of
Solids 56, 3441–3458.
Zheng, H., Wang, J., Loﬂand, S.E., et al., 2004. Multiferroic BaTiO3—CoFe2O4
Nanostructures. Science 303, 661–663.
Zhong, X.C., Li, X.F., 2007. Magnetoelectroelastic analysis for an opening crack in a
piezoelectromagnetic solid. European Journal ofMechanicsA/Solids26, 405–417.
Zhong, X.C., Li, X.F., 2008. Fracture analysis of a magnetoelectroelastic solid with a
penny-shaped crack by considering the effects of the opening crack interior.
International Journal of Engineering Science 46, 374–390.Zhong, X.C., Liu, F., Li, X.F., 2009. Transient response of a magnetoelectroelastic solid
with two collinear dielectric cracks under impacts. International Journal of
Solids and Structures 46, 2950–2958.
Zhou, Z.G., Wang, B., Sun, Y.G., 2004. Two collinear interface crack in magneto-
electro-elastic composite. International Journal of Engineering Science 42,
1155–1167.
Zhou, Z.G., Zhang, P.W., Wu, L.Z., 2007. Solutions to a limited-permeable crack or
two limited-permeable collinear cracks in piezoelectric/piezomagnetic
materials. Archive of Applied Mechanics 77, 861–882.
